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Horizontal beam size & emittanceHorizontal beam size & emittance

Individual particles execute betatron oscillations about the 
beam center:

where βx(s) is an amplitude that varies with position around 
the ring, and εΑ is a constant.
The electrons in an electron bunch are distributed equally in 
betatron phase and have a Gaussian transverse distribution.  
The horizontal emittance specifies the width of this 
Gaussian:

εx = σx
2/βx(s)

The emittance is determined by the balance between 
damping and excitation of oscillations from synchrotron 
radiation.

A x x



Light Source Accelerator Physics, lecture 4 James Safranek, Indore, January 14-18, 2008

Radiation damping & Radiation damping & 
Quantum excitationQuantum excitation

Radiation damping: 
Longitudinal & transverse momentum 
is lost to synchrotron radiation
Only longitudinal momentum 
replaced by RF cavity

Quantum excitation:
A photon radiated at some place with 
dispersion shifts the closed orbit for 
the electron.
Electron oscillates about new closed 
orbit: excitation of betatron 
oscillation.

(ηx)

photon, εp∆xc.o. =-ηxεp/E
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Emittance and beam sizeEmittance and beam size

Balance between damping and quantum excitation leads 
to an equilibrium emittance:

The total horizontal beam size has a contribution from β
oscillations as well as a contribution from energy 
spread:

In ideal accelerator ηy = 0, so σy is negligibly small.
In reality, vertical beam size has 3 contributions:

Quantum excitation of yβ -oscillations as in eqn. 1 above (all x      y) 
through small ηy.

Orbit spread due to σE*ηy as in eqn. 2 above.

Coupling of xβ -oscillations into yβ.
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ReviewReview

So far we’ve looked at three solutions to eqn. of motion:
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Difference coupling resonance (Difference coupling resonance (approximate mathapproximate math))

The equation                                             is like a driven 
harmonic oscillator.
If a harmonic oscillator is driven on resonance, get large 
oscillations – large vertical beam size, in this case.
On resonance if vertical drive is at the vertical tune:

But Ks(s) is periodic in L0 (the ring circumference), so it only 
has Fourier terms period in L0: 

So yβ driven on resonance if:
1. this is a difference coupling resonance

2. Ks(s) has a spatial Fourier component at n to drive this resonance
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More resonancesMore resonances

Skew quadrupoles, Ks(s), can also drive the sum coupling 
resonance, if:
1.

2. Ks(s) has a spatial Fourier component at n to drive this resonance

Skew quadrupoles can also couple ηx to create ηy.
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This analysis extends to nonlinear driving 
terms

Generating nonlinear resonances, when:

νx

νy

ring tunes
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Skew quadrupole corrector distributionSkew quadrupole corrector distribution

Distribute in difference coupling resonance phase

In sum coupling resonance phase

And in ηy phase

Need some skew quadrupoles at non-zero ηx
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When choosing where to locate skew quadrupoles, must 
distribute them to correct both phases of coupling 
resonances and vertical dispersion:
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More advanced coupling correction algorithmsMore advanced coupling correction algorithms

Using digitized turn-by-turn driven oscillations (CESR)
with no coupling, if you drive the horizontal tune, you see only
horizontal oscillations
with coupling, see some vertical oscillation as well.
measure vertical oscillations at all BPMs; adjust skew quadrupoles 
to minimize them.

Using closed orbit response – LOCO (NSLS, ESRF, 
ALS, SPEAR3)

Correcting closed orbit coupling not the same as correcting betatron 
coupling, but simulations and experiments show it’s close enough.
With LOCO, can simultaneously correct ηy to get minimum σy.
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Coupling & Coupling & ηηyy correction, LOCOcorrection, LOCO
Minimize ηy and off-diagonal 
response matrix: Lifetime, 19 mA, single bunch

4.5 hours

1.5 hours

Coupling 
correction on

Correction off
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with LOCO

Thanks Christoph
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LOCO coupling correction ALS/NSLSLOCO coupling correction ALS/NSLS
ALS

NSLS 
X-Ray 
Ring
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Further reading on coupling correctionFurther reading on coupling correction
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Nonlinear dynamics Nonlinear dynamics -- motivationmotivation

Motion of particles at large amplitudes impacts the 
performance of the storage ring

Particle loss:
Injection efficiency

Longer injection times
Increased radiation levels

Lifetime
More frequent fills
Faster current loss (varying brightness/photon optics 
thermal load)
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Injection efficiencyInjection efficiency

Storage ring dynamic aperture must be large 
enough to capture sufficient fraction of injected 
beam.
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Storage ring lifetimeStorage ring lifetime
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ResonancesResonances

Nonlinear driving terms in the equation of motion

Generate nonlinear resonances, when:
1.

2. Aij has the Nth spatial Fourier component to drive this resonance

Benefit of periodicity, resonance reduction:

ji
jiy

ji
jix yxBysKyyxAxsKx ,, )('',)('' =+=+

integers),,( NmnNmn yx =+ νν

Tune plane:

• Resonances to 5th order

• 12-fold periodicity =x12 
resonance reduction

• Only get resonances

• True for periodic 
magnets (sextupoles), not 
IDs

Nmn yx *12=+ νν
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Resonance excitationResonance excitation

Resonances can lead to irregular and chaotic 
behavior in betatron oscillations, which can lead to 
particle loss.

Rule of thumb ---- Avoid low order resonances
Unfortunately there is no simple way to forecast 
the real strength of resonances without using a 
tracking code or through measurements

Tune scans
Frequency map analysis
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Dynamic aperture vs. tuneDynamic aperture vs. tune

Resonant lines:
νx – νy = 9
3νx + νy = 48
4νx + νy = 62

Resonances offset 
from tune shift with 
amplitude.

* = operating tunes 
(14.19, 5.23)
Data gathered 
automatically on owl 
shift. νx

ν y

14.1 14.3
5.15

5.35

*
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BESSY beam loss monitor measurementBESSY beam loss monitor measurement

Kuske et al., PAC01.

Insertion 
device 
open

Insertion 
device 
closed

At BESSY, the beam loss 
was measured as a function 
of tunes.  The additional 
losses associated with an 
insertion device showed a 
problem with nonlinear 
fields.
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ALS tune scans (with and w/out ALS tune scans (with and w/out ββ--beating)beating)
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ALS computer tracking results show benefit of ALS computer tracking results show benefit of 
correcting periodicity of linear opticscorrecting periodicity of linear optics
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Tune scan summaryTune scan summary
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Tune shift with amplitudeTune shift with amplitude

Electron tunes get shifted with xβ, yβ oscillation 
amplitude.

Tune shift with square of amplitude (xβ2) comes from 
cubic terms in equation of motion, i.e. 
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Frequency map analysisFrequency map analysis

Color scheme refers to diffusion rate of tunes.
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Frequency maps Frequency maps –– ideal lattice vs. lattice with ideal lattice vs. lattice with 
small linear optics errors.small linear optics errors.
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Frequency maps Frequency maps –– experimental setexperimental set--upup
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Measured frequency maps at ALSMeasured frequency maps at ALS

Also see PAC papers for good measurement 
results at BESSY-II.
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Computer tracking exampleComputer tracking example

Vertical amplitude growth due to resonances:



Light Source Accelerator Physics, lecture 4 James Safranek, Indore, January 14-18, 2008

Measuring nonlinear dynamics Measuring nonlinear dynamics -- summarysummary

1. Tune scans
2. Tune maps
3. Closed orbit scans (see tomorrows lecture)


